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Abstract
The notions of 3-particle entanglement and 3-particle non-locality are discussed in the
light of Svetlichny’s inequality [Phys. Rev. D 35, 3066 (1987)]. It is shown that there
exist sets of measurements which can be used to prove 3-particle entanglement, but which
are nevertheless useless at proving 3-particle non-locality. In particular, it is shown that
the quantum predictions giving a maximal violation of Mermin’s 3-particle Bell inequality
[Phys. Rev. Lett. 65, 1838 (1990)] can be reproduced by a model in which non-local
correlations are present only between two particles. It should be possible, however, to test
simultaneously the existente of both 3-particle entanglement and 3-particle non-locality
for any given quantum state.
PACS numbers: 03.65.Ud, 03.65.Ta
Referring to pure quantum states, one usually thinks of n-particle entanglement and n-
particle non-locality as equivalent physical notions, in the sense that a violation of a n-particle
Bell inequality (BI) by a n-particle entangled state can be explained as a result of the existence
of non-local quantum correlations relating each of the particles with all the others. While this
view is valid for the 2-particle case, it is no longer justied for the multiparticle case (n  3)
since in this case a violation of a n-particle BI by a n-particle entangled state is not sucient
for conrmation of genuine n-particle non-locality (or non-separability). Indeed, one can try
to successfully reproduce such n-particle BI violation by means of a model in which non-local
correlations develop only between m (m < n) of the particles (which m particles are actually
acting non-locally can vary from one run of the experiment to the other). This fact was
rst pointed out by Svetlichny in 1987 [1], who, furthermore, derived an inequality for the 3-
particle case which is obeyed by such models which assume 2-particle non-locality, but which
can be violated by some quantum states thus showing that such states are truly 3-particle
non-separable. Svetlichny’s inequality (SI) has been generalized to the case of n-particle
systems in two recent papers [2,3].
∗Electronic mail: jl.cereceda@teleline.es
1
In this paper we concentrate on the 3-particle case and show that Svetlichny’s original
inequality for distinguishing between 2-particle and 3-particle non-locality is actually also a
Bell type inequality for 3-particle systems. As we will see, this follows immediately from the
consideration of the 3-particle Bell type inequality derived by Mermin [4], and its subsequent
comparison with Svetlichny’s. The fact that SI can also be read as a Bell type inequality
means that any 3-particle nonlocal state is also a 3-particle entangled state that violates a
Bell inequality. There are, however, 3-particle entangled states which violate a given Bell
type inequality, but which do not violate Svetlichny’s. The most signicant example of this
occurs for the Greenberger{Horne{Zeilinger (GHZ) state when one tries to exhibit an ‘all-
or-nothing’ type contradiction between quantum mechanics (QM) and local hidden variables
(LHV) theories [5,6]. The measurements involved in this case can lead to a maximal vi-
olation of Mermin’s 3-particle BI, but such measurements cannot yield a violation of SI,
and, therefore, cannot determine the 3-particle non-separability of the GHZ state. In other
words, the correlations between the results of measurements performed on an ensemble of
triplets of particles in the GHZ state showing a maximal violation of Mermin’s inequality,
can be described by a model in which only two-particle non-local correlations are present.
We emphasize, however, that, in principle, it is always possible to probe simultaneously the
existence of 3-particle entanglement and 3-particle non-locality for any given quantum state.
This can be done by experimentally testing Svetlichny’s inequality for dierent combinations
of the measurement settings. If a violation of SI does occur for a given set of measurements,
then the concurrence of the 3-particle entanglement feature and the 3-particle non-locality of
the given quantum state is demonstrated. On the other hand, if no violation of SI is observed
for any set of measurements, then one can assert that the given quantum state is neither
3-particle entangled nor 3-particle nonlocal. Of particular interest for the purpose of this
work is a nice recent paper by Mitchell, Popescu, and Roberts [7]. In this paper the authors
present an alternative derivation of SI by reinterpreting it as a frustrated network of corre-
lations. They also discuss the implications of such inequality for one of the rst experiments
aimed at demonstrating 3-particle non-locality, specically the experiment by Bouwmeester
et al [8], and show that the measurements made in this experiment do not allow SI to be vio-
lated. On the other hand, in a previous paper by Seevinck and Unk [9], a number of recent
experiments to observe 3-particle non-locality (including the experiment in [8]) are examined
in the light of two conditions that distinguish between states that are n-particle non-separable
and states that are only m-particle non-separable (with m < n). The authors showed that
the analyzed experiments do not meet the considered conditions, and so they concluded that
such experiments do not yet represent denitive evidence for genuine 3-particle non-locality.
Consider a situation in which triplets of particles in a (possibly unknown) pure quantum
state are emitted by a source. We can regard the three particles in any given triplet as flying
apart from the source, so that each of the particles subsequently enters its own measuring
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station where, for each run of the experiment, one of two possible alternative measurements
is performed: A or A′ on particle 1, B or B′ on particle 2, and C or C ′ on particle 3. Each
of the measurements gives the outcomes either +1 or −1. The basic entity to be considered
is the correlation function E(ABC) which represents the expectation value of the product of
the measurement outcomes of the observables A, B, and C. Then Svetlichny’s inequality can
be written in the form [1,7]
jSVj = jE(ABC) + E(ABC ′) + E(AB′C) + E(A′BC)
− E(A′B′C ′)− E(A′B′C)− E(A′BC ′)− E(AB′C ′)j  4 . (1)
In [7], it has been shown that the combination of quantum correlations appearing in inequality
(1) is bound by jSVj  4
p
2, with the maximum quantum violation being attained by the
GHZ state for a suitable choice of measurements A, A′, B, B′, C, and C ′.
Let us now recall the Bell type inequality derived by Mermin for three spin 1/2 particles
[4]. This inequality imposes an upper limit on the absolute value of a combination of four
correlation functions which must be satised by any LHV theory. One possible form of
Mermin’s inequality is
jM j = jE(ABC ′) + E(AB′C) + E(A′BC)− E(A′B′C ′)j  2 . (2)
Clearly, by renaming the observables so that the primed ones A′, B′, and C ′, become, re-
spectively, the unprimed ones A, B, and C, and vice versa, one can equally express Mermin’s
inequality as
jM ′j = jE(ABC)− E(AB′C ′)− E(A′BC ′)− E(A′B′C)j  2 . (3)
Then, as SV = M + M ′, we have that jSVj = jM + M ′j  jM j + jM ′j  4, where the
last inequality follows from Eqs. (2) and (3). Thus, from the Bell type inequalities (2) and
(3), it has been derived a third one, jSVj  4, which is formally identical to inequality (1).
Svetlichny’s original inequality can therefore also be interpreted as a Bell type inequality and,
as such, must be violated by any 3-particle entangled state for some A, A′, B, B′, C, and C ′.
For three spin 1/2 particles in the state jGHZi = 1√
2
(j """i+ j ###i) (with " (#) denoting
spins polarized \up" (\down") along the z axis), quantum mechanics predicts EGHZ(ABC) =
hGHZjσ(n^1)⊗σ(n^2)⊗σ(n^3)jGHZi = cos(φ1 +φ2 +φ3), where, for the sake of simplicity, we
have restricted our attention to spin measurements along directions lying in the x-y plane, so
that such directions n^i and n^′i are specied by the azimuthal angles φi and φ′i, respectively,
for each i = 1, 2, 3. For the choice of angles φ1 + φ2 + φ3 = npi (n = 0,1,2, . . . ) and
φ′i = φi +
pi
2 , quantum mechanics gives jM ′j = 4, jM j = 0, and jSVj = 4. Alternatively, for




2 , quantum mechanics gives jM j = 4,
jM ′j = 0, and jSVj = 4. So we can see that the measurements giving a maximal violation
of Mermin’s inequality do not violate Svetlichny’s, and then they do not serve to verify the
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3-particle non-locality of the GHZ state. As another example of a quantum violation of a Bell
inequality, but not of Svetlichny’s, we may take the angles φ1 +φ2 +φ3 = pi6 and φ
′
i = φi +
pi
2 .
For this case quantum mechanics predicts M ′ = 3.46 and SV = 1.46. On the other hand, the
maximal violation of SI is attained for the values φ1 + φ2 + φ3 = (n + 34 )pi and φ
′
i = φi +
pi
2 .
These give jM j = jM ′j = 2p2 and jSVj = 4
p
2. 1
In view of the results in the preceding paragraph, it will be argued that the 3-particle
non-separability feature of a quantum state cannot be tested on the basis of only four
correlation functions. Indeed, it is important to realize that one can always reproduce
whatever values assumed by four such functions by means of a hidden variables model in
which non-local correlations are present only between two particles. As an example illus-
trating this point, consider the case in that we are given the values: E(ABC) = +1, and
E(AB′C ′) = E(A′BC ′) = E(A′B′C) = −1. These perfect correlations violate maximally the
Bell type inequality (3), but they are nevertheless consistent with a hibrid local - nonlocal
hidden variables model [1,7] in which particles 1 and 2 form a non-local subsystem, and this
subsystem is locally correlated with particle 3. The simplest model of this kind one can
think of is one for which the outcomes of the non-local measurements AB, AB′, A′B, and
A′B′, as well as the outcomes of the local ones C and C ′, are completely determined (with
probability either 0 or 1) by the value of a hidden variable λ. Note that the hidden variable
is not allowed to determine the outcomes of the local measurements A, A′, B, and B′, since,
for the considered model, particles 1 and 2 are assumed to be non-locally correlated. With
this in mind, one can conceive a trivial hibrid hidden variables model which, for each value
of λ, yields the outcomes AB = +1, AB′ = +1, A′B = +1, A′B′ = −1, C = +1, and
C ′ = −1. This particular model then gives M ′ = 4, M = 0, and SV = 4. On the other hand,
one could devise a more elaborate hibrid local - nonlocal model that reproduces the set of
quantum correlations E1  fE(ABC) = −E(AB′C ′) = −E(A′BC ′) = −E(A′B′C) = 1√2g.
Likewise, one could devise another hibrid model that reproduces the set of quantum cor-
relations E2  fE(ABC ′) = E(AB′C) = E(A′BC) = −E(A′B′C ′) = 1√2g. However, no
hibrid model exists that accounts simultaneously for the full set of correlations E1 [ E2.
This indicates that, in order to verify the existence of genuine 3-particle non-locality for a
given quantum state, it is necessary to consider the expectation value of all eight product
observables ABC,ABC ′, . . . , A′B′C ′. If these values violate SI for some choice of A, A′, B,
B′, C, and C ′, then the 3-particle non-locality of the given quantum state would have been
unambiguously demonstrated.
1In [7], it has been shown that, in order for SI to be maximally violated by a quantum state jψi,
it is necessary that hψjCC′ +C′Cjψi = 0. For a spin 1/2 particle, this condition is met whenever the
measurement directions corresponding to the spin observables C and C′ are perpendicular between
themseleves, since this is equivalent to the vanishing of the anticommutator fC,C′g. By symmetry,
the conditions hψjAA′ + A′Ajψi = hψjBB′ + B′Bjψi = 0 must also be met if the state jψi is to
maximally violate SI.
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To conclude, we briefly discuss some of the predictions that quantum mechanics makes
for the so-called W state, jW i = 1√
3
(j ""#i+ j "#"i+ j #""i). The consideration of this state is
important by itself since, as was shown in [10], any non-trivial 3-particle entangled state can
be converted, by means of invertible local operations and classical communication (ILOCC),
into one of the two inequivalent forms (under ILOCC) of genuine tripartite entanglement
whose representative states appear to be the GHZ state and the W state. When we restrict
to spin measurements in the x-z plane, the expectation value of the product observable
σ(θ1)⊗ σ(θ2)⊗ σ(θ3) predicted by quantum mechanics for the W state is 2
EW(θ1, θ2, θ3) = −23 cos(θ1 + θ2 + θ3)−
1
3
cos θ1 cos θ2 cos θ3 , (4)
where the polar angle θ1 (θ′1) species the measurement direction of the spin observable A
(A′), etc. For the choice of angles θ1 = θ2 = θ3 = 13npi (n = 0,1,2, . . . ) and θ′i = θi + pi2
quantum mechanics gives jM ′j = 3, jM j = 0, and jSVj = 3. Alternatively, for the choice




i = θi +
pi
2 , quantum mechanics gives jM j = 3,
jM ′j = 0, and jSVj = 3. For measurement directions fullling the conditions θ1 = θ2 = θ3
and θ′1 = θ′2 = θ′3, the maximum value of either jM ′j or jM j that can be obtained for the
W state is [11], 3.046. This maximum value occurs, for instance, for the angles θi = 54.032◦
and θ′i = 156.106
◦ , which gives M ′ = 3.046, M = 0.054, and SV = 3.1. For all these sets
of directions the W state violates Mermin’s inequality, but not Svetlichny’s. On the other
hand, considering again spin observables for which θ1 = θ2 = θ3 and θ′1 = θ′2 = θ′3, the
maximal violation of SI predicted by quantum mechanics for the W state is found to be
jSVj = 4.354 (with jM j = jM ′j = 2.177), which is obtained, for instance, for the choice of
angles θi = 35.264◦ and θ′i = 144.736
◦ . We note that the maximum value of jSVj attained by
the GHZ state is greater than that attained by the W state. Loosely speaking, this means
that the three particles in the GHZ state are more strongly correlated than they happen to
be when coupled in the W state. As a counterpart, however, W is the 3-qubit state that
maximally retains bipartite entanglement when any one of the three qubits is traced out [10].
Indeed, it is easily seen that when any one of the particles in the GHZ state is measured in
the basis f", #g then the other two are invariably left in a product state. On the other hand,
when any one of the particles in the W state is measured in the same basis then there exists
a probability 2/3 that the other two particles are left in a maximally entangled state.
In summary, we have shown that there are sets of measurements which produce a violation
of Memin’s 3-particle Bell inequality, but which do not allow Svetlichny’s inequality to be
violated. Hence such measurements cannot be used for the verication of genuine 3-particle
non-locality. Examples of such measurements have been given for three spin 1/2 particles
in either the GHZ state or the W state. In particular, we have shown that the quantum
2It can be seen, on the other hand, that, for spin measurements in the x-y plane, the predicted
expectation value for the W state vanishes for any choice of azimuthal angles, EW(φ1, φ2, φ3) = 0.
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correlations leading to an ‘all or nothing’ type contradiction between QM and LHV theories,
can be described by a model in which non-local correlations take place only between two of
the particles. Moreover, we have argued that any given set of four expectation values can be
reproduced by a hibrid local - two-particle nonlocal hidden variables model. It is therefore
necessary to consider more than four correlation functions if we want to distinguish between 2-
particle and 3-particle non-locality. This can be achieved via Svetlichny’s inequality. Finally,
we note that an open question left is what is the minimum number of correlation functions
one should consider in order to discriminate between 2-particle and 3-particle non-locality.
Acknowledgments | The author wishes to thank Adan Cabello for useful comments and
discussions.
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